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*Calculus students are generally prospective 

science, business and math majors. 

*Focus is on concepts and applications – 

understanding not memorizing. 

*32 students in a classroom 

*Computer lab type classrooms  with group 

tables where students spend much of their 

time actively working in small groups during 

class time. 

 



*Introduce as early as possible so that students 
have time to work with these big ideas. 

*Use multiple representations to help students 
focus on understanding not method and to 
allow us to ask optimization questions before 
we have completed all derivative rules. They 
also helps us assess student understanding. 

*Use reading activities to help students develop 
the abilities they will need to tackle the 
typical optimization problems. 

 



A rectangular window is being built with 12 meters of framing 

materials. What must the dimensions of the window be to let in 

the most light?  

𝐴𝑟𝑒𝑎 = 𝑤 ∙ ℎ 

𝑃𝑒𝑟 = 12 = 2𝑤 + 2ℎ 

𝐴(𝑤) = 𝑤(6 − 𝑤) 

Symbolic Approach Graphical Approach 
Numerical Approach 

Width Height Area 

2 4 8 

1 5 5 

3 3 9 

3.5 2.5 8.75 

3.2 2.8 8.96 
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𝐴 𝑤 = 6𝑤 − 𝑤2 

𝐴′ 𝑤 = 6 − 2𝑤 

6 − 2𝑤 = 0 

𝑤 = 3 

ℎ = 6 − 3 = 3 



*

*Approx 4 weeks 

into a 15 week 

semester. 

*Graphical 

introduction and 

noticing that 

𝑓′ 𝑥 = 0.  

*Dependence on 

meaning of 𝑓′ 



*

*Following numerical and 
graphical work on first and 
second derivative as well 
as understanding the 
connections to 
increasing/decreasing and 
concave up/down. 

*Observing max/mins as a 
consequence of 
interpreting 𝑓′ and 𝑓′′ 
information. 

*Results (𝑛 = 24) 

Average Number of 

Mistakes = 1.96 

 



*More direct relationship between concavity and 

instantaneous rate of change and max/min 

*Results (𝑛 = 24) 

Average 5.125 out of 
6 correct 

 



*

* Students work on this question outside of class as a 
synthesis of their understanding of first and second 
derivative.  

* During their work on this problem outside of class we 
work on the following quiz which helps them make 
more general conclusions about max and mins. 

* Goal: Reasoning from understanding of 𝑓′ and 𝑓′′ 
instead of following/memorizing a method at this 
stage. 

 

* Results (𝑛 = 21) 

Critical points correct but no 
justification attempted – 9 students 
(43%) 

Critical points correct incorrect 
justification attempted – 4 students 
(19%) 

Fully correct max/min identified with 
justification – 8 students (38%) 

 



*

*Results (𝑛 = 26) 

a) True (38%) 

b) False (92%) 

c) False (73%) 

d) True (27%) 

e) False (77%) 

 

*Students work on this quiz in groups of 2-3 in 
class. 

* I recorded their answers after this work 
without any whole class discussion. (See 
right.) 

*Followed immediately with whole class 
discussion on problem options after posting 
answers. 

*Goal: To draw some more general conclusions 
about the justification of max/mins. 

 

 



*

*Now there is almost three weeks until the 

midterm exam which will test them over this 

material. 

*A variety of levels of understanding of 

optimization are assessed on the midterm 

exam. 

*Use the Conceptual Understanding Weighting 

System (developed with Dr. Paula Shorter) to 

help write questions to distinguish these levels. 



*

Conceptual Understanding Weighting System (CUWS) 

  

Check 1 (Skills): Does this problem involve only 

computational/algebraic skills or memorized facts with no 

understanding of the concept required? Yes - assign a weight of 0 to 

the problem and skip the remaining checks; No - continue to the next 

check. 

 

Check 2 (Method): Could this problem be answered completely by 

using or adapting a method that the student or teacher might have 

developed in prior course work? Yes - assign a weight of 1 to the 

problem and skip the remaining checks; No - continue to the next 

check. 

 

Check 3 (Conceptual Reasoning Characteristics): Does the problem 

involve either of the following? No - assign a weight of 2 to the 

problem; Yes - assign a weight of 3 to the problem.  

 interpreting the meaning of a mathematical characteristic in a 

novel applied setting  

 making connections between different representations (numerical, 

graphical, symbolic or narrative) of a mathematical characteristic  
 
 



*

Average Score 

*1 - 92% 

*2 - 82% 



*

Results  

* a – False(73%) 

* b - False(88%) 

* c - True (69%) 

 



*

Average Score 

*Overall – 59% 



*To introduce the concept earlier than might 
otherwise be possible 

*To build a student’s understanding of a concept by 
asking a question in another representation (new 
setting) where a memorized method will not apply. 

*To examine a concept on an exam where we may 
have worked on a similar question in class but in a 
different representation. 

*To develop students ability to reach for multiple 
representations as tools to help them answer any 
question – in particular more typical optimization 
questions later.  



*Why are students significantly better at correctly 
identifying false statements but not true statements 
on our quiz? Is this a problem with the quiz itself or 
with the development of the material? 

*Does this early introduction to optimization help 
students feel more comfortable when they come to 
the more typical optimization problems? 

*Revise the activities to make the connections between 
max/min and the derivatives more explicit.  

*Observe the students work on the remainder of our 
optimization work 

*Expand sample size and classroom environment to see 
impact of working on optimization earlier in different 
settings.  

 

 



 

mairead.greene@rockhurst.edu 

 

www.iblcalculus.com (jointly with Dr. Paula Shorter) 
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